We introduce a new measure for the capital market efficiency. The measure takes into consideration the correlation structure of the returns (long-term and short-term memory) and local herding behavior (fractal dimension). The efficiency measure is taken as a distance from an ideal efficient market situation. Methodology is applied to a portfolio of 41 stock indices. We find that the Japanese NIKKEI is the most efficient market. From geographical point of view, the more efficient markets are dominated by the European stock indices and the less efficient markets cover mainly Latin America, Asia and Oceania. The inefficiency is mainly driven by a local herding, i.e. a low fractal dimension.
informational efficiency of capital markets. A notion of the efficient capital market represents such capital market where prices on traded securities, e.g. stocks, bonds, or property, already reflect all available information and that investors are completely rational. Consequently, the notion of the efficient capital market represents fair game pattern. No investor can have an advantage in predicting a return on an asset price, since no one has access to information not already available to everyone. It means that investors in the efficient capital market cannot expect to achieve abnormal returns systematically. In other words, the capital market is efficient if the fluctuations of returns are unpredictable [21, 22, 35] .
Paradoxically, an achievement of the ideal efficient capital market, enabling efficient allocation of investments, brings about no activity of investors and no activity of speculators. Because real life experiences with capital markets have shown that there are investors who indeed have been beating the capital markets in long-term, discrepancies from the above mentioned ideal state are existent and thus worth analyzing.
Testing the efficiency of various capital markets in different regions is a popular topic in financial journals (e.g. [33, 34, 2, 16, 15] ). However, the hypothesis of market efficiency is standardly either rejected or not and markets are ranked quite infrequently. Moreover, the researchers majorly focus on a single method and comment on the results. And even further, the whole idea of testing or measuring capital market efficiency has been dealing with the joint-hypothesis problem (i.e. when we reject the efficiency of a specific market, it might be caused by a wrong assumption of the market's behavior) since its beginnings. This issue was also touched by Fama himself [22] . In this paper, we try to bypass the problem by defining the efficient market as a martingale. We then analyze fractal dimension, and long-range and short-range dependence to describe and measure the efficiency of specific markets.
Hurst exponent and a presence of long-term memory has been widely analyzed in recent years -in stock indices [17, 29] , interest rates [12] , bonds [13] , exchange rates [45] and others. The results vary depending on asset type and on geographical situation as well. Statistically significant long-range dependence was detected in some individual NYSE-listed stocks [5] . Even though the series of developed markets usually posses only short or no memory, emerging markets exhibit a different behavior [47, 44] . Looking at a different frequency, a significantly long memory was found for weekly returns of a large number of Greek stocks [40] . Cajueiro & Tabak [8] rank the markets according to their efficiency and suggest that Hong Kong stock exchange is the most efficient one followed by Chinese A type shares and Singapore and finally by Chinese B type shares, which indicates that liquidity and capital restrictions should be taken into consideration in efficiency testing and mainly interpretation.
We use the Hurst exponent H and the fractal dimension D to construct a new measure of market efficiency based on a deviation from the ideal state (the efficient market) from both local and global perspective. If the results based on different measures vary, we can further distinguish between local (herding) and global (correlations structure) effects. We use the fact that the measures are bounded and thus can be used to construct an informative norm representing the said deviation from the ideal state. The measure is estimated for 41 stock indices at different stages of development from the beginning of 2000 till the end of August 2011, i.e. the data set includes the DotCom bubble and its bursting as well as the current Global Financial Crisis.
The paper is structured as follows. In Section 2, we define the efficient capital market. Section 3 describes relationships between efficiency and the measures we use. In Section 4, we describe the methods used for the fractal dimension and Hurst exponent estimation. Section 5 covers the results and discusses the implications. Section 6 concludes. The main value of this paper lies in the fact that the proposed methodology bypasses the standard caveats of efficiency testing by building on the martingale definition of efficiency, using different methods and merging them into the efficiency measure. Such rather bold path leads to very interesting and also meaningful results.
Capital market efficiency
We use a triple (Ω, T , P ) for expressing a probability space and the expression E[X|T ] for the conditional expectations. Let {ω ∈ Ω} be a set of elementary market situations. Let T be some σ-algebra of the subsets of Ω, P is a probability measure on T and Ω is an information set.
This structure gives us all the machinery for static situations involving randomness. For dynamic situations, involving randomness over time, a sequence of σ-algebras {T t , t ≥ 0} needs to be taken into consideration. Inclusion T t ⊂ T t+1 for all t represents the information arriving in time t.
Suppose all σ-algebras to be complete. Thus T 0 represents initial information. On the other hand, a situation that all is known is represented by the expression T ∞ = lim t→∞ T t . Such a family {T t≥0 } is called a filtration; a probability space endowed with such a filtration, (Ω, T , {T t }, P ), is also called a stochastic basis.
Let C = (Ω, T , {T t }, P ) be a capital market with distinguished flows {T t≥0 } of σ-algebras filtered probability space. We also call {T t≥0 } an information flow, and an expression {S t } t≥0 ∈ M is a security price process. The efficient market is then defined as follows:
A capital market C = (Ω, T , {T t }, P ) is called efficient if there exists P such that each security price sequence S = {S t } t≥0 is a P -martingale, i.e. the variables are T t -measurable and
If a sequence {ξ t } t≥1 is the sequence of independent random variables such that E P [|ξ t |] < ∞,
If a sequence S = {S t } t≥0 is a martingale with respect to the filtration {T t≥0 } and S t =
Thus in words, the capital market efficiency is represented by the martingale property of the security price processes. Note that this feature is primarily connected to uncorrelated returns of the price series 1 . Compared to the random-walk-based efficiency, the martingale is more general and does not assume the series to be locally stationary (homoskedastic), which would be quite unrealistic for the financial time series. Nevertheless, the martingale assumption gives enough information about the expected Hurst exponent and fractal dimension. Note that our information set Ω contains only the prices of the analyzed indices so that we test and measure the weak form of the capital market efficiency.
Relationship between efficient market, fractal dimension and long memory
Traditionally, time series of martingale fluctuations are described as being generated by the Gaussian noise (or the Brownian motion for an integrated process) and space of many time series of such fluctuations to be generated by some mixing mechanism of the Gaussian noise interspersed with Lévy jumps (or again as the Brownian motion interspersed with Lévy flights when talking about the integrated processes). Describing a theoretical model of the efficient capital market with Brownian motion, we asymptotically obtain a normal (Gaussian) distribution of returns and an empirical distribution of returns will be asymptotically very close to the normal distribution.
In a multidimensional theoretical model of the efficient capital market with the multidimensional Brownian motion, we asymptotically obtain a multidimensional normal distribution of returns and multidimensional empirical distribution of returns will be asymptotically very close to the multidimensional normal distribution. However, the martingale definition of the efficient capital market as outlined in Section 2 does not necessarily require Brownian motion (practically any integrated process of serially uncorrelated and finite variance increments suffices). Nevertheless,
we shall see that in many cases, the efficient market leads to the Brownian motion.
A measure of roughness D of the n-dimensional sphere is called a fractal dimension. The fractal dimension D ∈ n, n + 1) for hyperplane R n+1 is a local characteristic of the time series.
Long-term memory in the time series of fluctuations on the capital market is connected to the power law of autocorrelations. This effect is usually called the Hurst effect and is measured by the Hurst exponent H [27] . Long-term memory is a global characteristic of the series. Without imposing further assumptions about the underlying process, D and H are independent. For selfaffine processes, it holds that D + H = n + 1. For a univariate case that means D + H = 2 [24] .
In context of the capital markets, such relation implies that local behavior (such as a herding behavior or fear) is reflected in the global characteristics (such as significant autocorrelations or high volatility).
If we assume that the local behavior is at least partially projected into the global features of the market, then persistence is connected to the low fractal dimension D ∈ (1, 1.5) and the higher fractal dimension D ∈ (1.5, 2) is connected to anti-persistent processes. If the process is characterized by Hurst exponent close to 0.5 and the fractal dimension close to 1.5, it should have no correlation structure.
Methodology

Long-range dependence, Hurst exponent and market efficiency
Long-range dependence (or long-term memory) is a feature of time series' autocorrelations. If the series is long-range dependent, the autocorrelation function
, where X t is a stationary process, decays asymptotically hyperbolically, i.e. ρ(k) ∝ k 2H−2 for k → ∞. Therefore, the behavior of the series has infinite memory, i.e. the shocks in a very distant past may have a significant effect on the today's behavior. Such behavior is in violation with the definition of an efficient market (see Section 2) because it allows for arbitrage as shown by [37] . The relationship between long-term memory, predictability and potential efficiency has been discussed in numerous studies [9, 10, 11, 18, 19, 20] and in many cases, the less developed markets were characterized by signs of long-term memory. Moreover, the time-dependent Hurst exponent has been used several times to describe various phases of the financial markets and its connection to the efficient markets [38, 31] .
Characteristic measure of long-range dependence is Hurst exponent H, which ranges between 0 and 1. For H = 0.5, the series is considered serially uncorrelated or short-term correlated,
whereas for H = 0.5, we consider it long-range correlated. More specifically, H > 0.5 indicates persistence or positive long-term memory, which is usually interpreted in a way that a positive increment of the series is more likely to be followed by another increment and vice versa. Inversely, H < 0.5 indicates anti-persistence or negative long-term memory which is connected with more frequent switching of the increments and decrements than would be observed for a random process.
Both types can be exploited to obtain abnormal returns on the market since the fluctuations are predictable [37] . However, it needs to be noted that for financial time series, even an uncorrelated series can yield H = 0.5 due to several reasons such as heteroskedasticity, short-term memory and fat tails. The effects of these are discussed in various papers, e.g. [32, 7, 6] .
In our analysis, we apply various methods to estimate the Hurst exponent H -detrended fluctuation analysis [41, 42, 28] , detrending moving average [1] , and height-height correlation analysis (also known as the generalized Hurst exponent approach) [18, 3, 4] .
Detrended fluctuation analysis
Detrended fluctuation analysis (DFA) [41, 42] is based on the scaling of variances of the detrended series. We split the series into boxes of length s and estimate a polynomial fit of the profile
, which are defined as an average of the mean squared error of the polynomial fit over all boxes with length s, scale according to F 2 DF A (s) ∝ s 2H [28] . Note that we use s min = 5 and s max = T /5.
Detrending moving average
Detrending moving average (DMA) [1] is based on a moving average filtering. For a window length λ, we construct a centered moving average X t for each possible point of X t . Similarly to DFA, we define the fluctuation F 2 DM A (λ) as a mean squared error between X t and X t,λ , which scales as F 2 DM A (λ) ∝ λ 2H . As we are using the centered moving average, we use λ min = 3 and λ max = 21 with a step of 2.
Height-height correlation analysis
Height-height correlation analysis (HHCA) [4] , also known as the generalized Hurst exponent approach (GHE) [18] , is based on scaling of height correlation function of series X t with time resolution ν and t = ν, 2ν, . . . , ν T /ν (where is a lower integer operator). The height correlation function of the second order for series X t is defined as K 2 (τ ) = T /ν τ =1 |X t+τ − X t | 2 / T /ν where τ ranges between ν = τ min , . . . , τ max . In our application, we use τ min = 1 and τ max varies between 5 and 20. This way, we obtain more estimates of the Hurst exponent and take their average as our best estimate, i.e. we apply jackknife which is standardly done for this method [19] .
Efficient market and fractal dimension
As already mentioned in the previous section, fractal dimension D is a measure of roughness on R n+1 for n-dimensional time series (the additional dimension in n + 1 represents time). For a random series, the fractal dimension D = 1.5. In the real markets, short-term trends usually occur and are connected to so-called "bear" (declining market with a negative mood) and "bull" (increasing market with a positive mood) markets. These short-term episodes on the market are not reflected into its global characteristics since these would quickly vanish due to arbitrage potential. Nevertheless, the episodes cause roughening of the series which is in turn reflected in the deviation of D from 1.5. If the market is characterized by "local persistence", i.e. short-term trends, the fractal dimension should be below 1.5 as the surface of the series becomes smoother.
Reversely, if the market is dominated by "local anti-persistence", i.e. short-term bursts of volatility, the fractal dimension should be higher than 1.5 as the surface of the series is more coarsened. Of course, these effects can both be present on the market.
Fractal dimension is connected to the fractal nature of a geometric object and is connected to the Hausdorff dimension [36] and is usually estimated through such dimension for a graphical object or texture [39] . However, we cannot estimate the fractal dimension D this way for a univariate time series and it is needed to use an alternative estimators used for time seriesperiodogram estimator [14] , Genton estimator [23], Hall-Wood estimator [26] and wavelet-based estimator [25, 43] . Detailed description of the methods is given in Gneiting et al. [25] and references therein.
Capital market efficiency measure
For a construction of capital market efficiency measure EI, we use the fact that both fractal dimension D and Hurst exponent H are bounded. Hurst exponent for stationary series is defined on interval 0, 1) and fractal dimension for a univariate case is defined on 1, 2). For each measure, the value for an efficient market lies in the center of its support, i.e. H = 0.5 and D = 1.5. Various estimates of fractal dimensionD are obtained as defined earlier in the text. For the estimated Hurst exponentĤ, we use estimates based DFA, DMA and HHCA but for DFA and HHCA, we use also the alternatives. DFA estimate is calculated for both linear and quadratic trend filtering.
HHCA/GHE is then based on definition of both Barabasi et al. [4] and Di Matteo [17] . The DFA estimate is taken as an average of the two alternatives and the same for HHCA. Such a procedure is chosen because each of the methods is better suited for different types of processes both for Hurst exponent and fractal dimension estimation [46, 7, 30, 25] . It is needed to note that Hurst exponent estimators are usually biased by a presence of short-term memory in the underlying process [32, 6] . However, this is not an issue for the proposed efficiency measure because when short-memory (which is of course a form of inefficiency as well) biases Hurst exponent estimate, it is in turn reflected in the efficiency measure. To further control for short-range dependence in the analyzed series, we also include the first order sample autocorrelation ρ(1) into EI. Note that ρ(1) ranges between -1 (perfectly anti-correlated) and 1 (perfectly correlated) and thus has a range of 2 which needs to be controlled for. Therefore, EI is based on 8 estimates (4 estimates of fractal dimension, 3 estimates of Hurst exponent and 1 estimate of the first order autocorrelation). For our specific case, EI is defined as
where H DF A , H DM A and H HHCA are estimated Hurst exponents based on DFA, DMA and HHCA/GHE, respectively, D P , D W , D G and D HW are estimated fractal dimensions based on periodogram method, wavelets, Genton method and Hall-Wood method, respectively, and ρ(1) is the sample first order autocorrelation.
We can generalize EI for n measures so that
where M i is the ith measure of efficiency (Hurst exponents H, fractal dimensions D and the first order autocorrelation ρ(1) in our case), M i is an estimate of the ith measure, M * i is an expected value of the ith measure for the efficient market and R i is a range of the ith measure. As ranges of different measures may vary, we standardize them so that the range is equal to one, implying a unit cube as a resulting space. For the efficient market, we have EI = 0, and for the least efficient market, we have EI = √ n 2 , where n is a number of measures taken into consideration. Therefore, the efficiency index is defined on a unit n-dimensional cube with the efficient market in the center, i.e EI = 0 for the efficient market. 
Results and discussion
We analyze efficiency of 41 stock market indices, which are described in Table 1 Table 2 , basic descriptive statistics of the logarithmic close/close returns are mentioned. Apart from the basic statistics (average, minimum, maximum, standard deviation, skewness and excess kurtosis), we show the KPSS statistics for the series. According to this test, all the series but CSE (Sri Lanka index) are weakly stationary. We do not show the results for ADF and PP unit-root tests since the test strongly rejects unit-root for all the indices with p-values practically equal to zero.
Let us now turn to the results. The results for efficiency index EI are summarized in Fig. 1 .
In the figure, the indices are sorted so that the more to the left the index is, the more efficient it is. The most efficient market turns out to be the Japanese NIKKEI and the least efficient is Oceanian. Therefore, the more efficient markets are dominated by European stock exchanges while the less efficient markets are dominated by Latin America, Asia and Oceania. Probably the most interesting are the performances of the US stock exchanges, which all score around the middle of the ranking. However, this should not be very surprising as the analyzed period contains both the DotCom bubble and the Global Financial Crisis of the late 2000s, which most severely hit the US markets and can be evidently taken as a source of inefficiency. Out of the four analyzed US indices, the most efficient turns out to be DJI and the least efficient is NASDAQ. Note that the most efficient US index, i.e. DJI, is less efficient than the biggest EU index -German DAX. British FTSE, which can be considered as tightly connected to the US indices ranks very similarly to the US indices, in the middle of the ranking. To be able to comment on the sources of inefficiency, we now focus on the separate measures.
Focusing on the Hurst exponent estimates, we observe that the deviations from the ideal H = 0.5 are not that severe for majority of the indices and generally range between 0.45 and 0.55.
In Fig. 2 , we show the average values of the Hurst exponent estimates. Interestingly, we find that majority of the most developed markets (but not necessarily the most efficient as shown above) are below the H = 0.5 level, which is in hand with the results of Di Matteo et al. [19] . Generally, we don't observe strong global correlation structure in the processes. This is, however, not a big surprise as the existence of strong global auto-correlations would lead to arbitrage opportunities, which are not likely to last for long taking into account the computerized trading in the current markets. The indices with the highest Hurst exponents are the same as the least efficient markets.
From these, the Peruvian IGRA shows higher persistence than the non-stationary CSE of Sri Lanka. Results for the first order autocorrelation are very similar for all indices and close to zero so that we do not present them. The results for fractal dimension D (Fig. 3) tell a more informative story. We observe that majority of the indices are characterized by the fractal dimension below 1.5, which indicates local persistence. For several indices, we observe the opposite. These are British FTSE, Polish WIG20, JSE of the Republic South Africa and DJI of the USA. Again the least efficient markets show the biggest deviation from D = 1.5 and fall below 1.4. These markets thus experience relatively strong short-term trends and are at least partially predictable in the short term. Such a correlation structure even translates into global perspective as the markets with the lowest fractal dimension are also the markets with highest Hurst exponent. The general relationship between H and D for the analyzed indices is illustrated in Fig. 4 . We observe that even though D and H are not independent, the relationship is not exactly of form D = 2 − H of self-affine processes, yet it is very close to it. Specifically, the estimated relationship is D = 1.94 − 0.95 H with R 2 = 0.66 which implies that fractal dimensions D are paired with lower Hurst exponents H than for the self-affine processes. This is exactly in hand with an economic interpretation that the local herding and crowd behavior are short-lasting and are thus not reflected in the global measure of the Hurst exponent H perfectly but only partially. Such a result obviously makes sense in the stock markets where such a strong global dependence would lead to profitable opportunities which would vanish due to the interaction between supply and demand in the market. Nonetheless, the deviations of D and H from their efficient market values for the least efficient markets show that not only the profit opportunities are important for investors but also an institutional framework such as legal and regulation issues as well as liquidity issues. Otherwise, the profit opportunities even for the least efficient markets would vanish quickly. To further illustrate different the effects of local and global inefficiencies into the total EI measure, we present Fig. 5 . We can see that for majority of indices, the local inefficiencies (deviation of the fractal dimension from 1.5) dominate the global inefficiencies (short-term and long-term memory). Interestingly for the least efficient markets, the dominance is the most evident.
There are two exceptions for which the global inefficiencies dominate and these are Israeli TA100
and Austrian ATX. For the more efficient markets, the proportion of local inefficiencies is around 40% and for the less efficient markets, it is around 80% of the total. 
Conclusions
We have introduced a novel approach to measuring capital market efficiency. With a use of bounded measures of dynamic systems connected to a standard martingale definition of the capital market efficiency, we constructed a vector containing long-term memory, short-term memory and fractal dimension measures. The efficiency index EI is calculated as a simple norm of this vector from its ideal efficient case. Therefore, a distance of a specific market situation from a centre of an n-dimensional cube is taken as a measure of efficiency. The further the market is from the ideal state, the less efficient it is. Such procedure can be easily generalized to more bounded efficiency quantities.
Applying the methodology on a set of 41 stock indices in period between 2000 and 2011, we found that the Japanese NIKKEI is the most efficient market. From geographical point of view, the more efficient markets are dominated by European stock indices and the less efficient markets cover mainly the Latin America, Asia and Oceania. More specifically, the least efficient markets are Venezuelan IBC, Malaysian KLSE, Slovakian SAX, CSE of Sri Lanka and Peruvian IGRA (the most inefficient stock market in the analyzed set). We also found that the local characteristics of the series (crowd and herding behavior) partially translate into the global characteristics (correlation structure). Moreover, the local inefficiencies in general dominate the total inefficiency for strong majority of the indices. ments which helped to improve the paper significantly. 
